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An S-hrane solution with two non-composite electric branes and a set of / scalar fields is considered. The intersection 
rule for branes corresponds to the Lie algebra A2 . The solution contains five factor spaces with the fifth one 
interpreted as "our" 3-diniensional space. It is shown that there exists a time interval where accelerating expansion 
of "our" 3-dimensional space is compatible with small enough value of effective gravitational "constant" variation. 



1. Introduction 

As is well known [Tl[2l[3l[4l[5l[6l[7], cosmological mod- 
els in scalar-tensor and niultidiniensional theories are a 
framework for describing possible time variations of fun- 
damental physical constants due to scalar fields which 
are present explicitly in STT or are generated by extra 
dimensions in multidimensional theories. In [8], we have 
obtained solutions for a system of conformal scalar and 
gravitational fields in 4D and calculated the presently 
possible relative variation of G at the level of less than 

Later, in the framework of a multidimensional model 
with a perfect fiuid and two factor spaces (our 3D space 
of Friedmann open, closed and fiat models and an in- 
ternal 6D Ricci-fiat space) we have obtained the same 
limit for such variation of G [9j. 

We have also estimated the possible variations of the 
gravitational constant G in the framework of a general- 
ized (Bergmann-Wagoner-Nordtvedt) scalar-tensor the- 
ory of gravity on the basis of field equations, without 
using their special solutions. Specific estimates were es- 
sentially related to values of other cosmological parame- 
ters (the Hubble and acceleration parameters, the dark 
matter density etc.), but the values of G/G compatible 
with modern observations did not exceeded 10~^^ per 
year [TU] . 

In [11] , we continued the studies of models in arbi- 
trary dimensions and obtained relations for G in a mul- 
tidimensional model with a Ricci-fiat internal space and 
a multicomponent perfect fiuid. A two-component ex- 
ample, dust -|- 5-brane, was considered explicitly. It was 
shown that G/G is smaller than 10~^^yr~^ . Expres- 
sions for G were also considered in a multidimensional 
model with an Einstein internal space and a multicom- 
ponent perfect fiuid [T^ . In the case of two factor spaces 
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with non-zero curvatures without matter, a mechanism 
for prediction of small G was suggested. The result 
was compared with our exact (l-|-3-|-6)-dimensional so- 
lutions obtained earlier. 

A multidimensional cosmological model describing 
the dynamics of n -I- 1 Ricci-fiat factor spaces M^ in 
the presence of a one-component anisotropic fiuid was 
considered in [T3] . The pressures in all spaces were sup- 
posed to be proportional to the density: pi = Wip, 
i = 0, ...,n. Solutions with accelerated power-law ex- 
pansion of our 3-space Mq and a small enough variation 
of G were found. These solutions exist for two branches 
of the parameter wq . The first branch describes super- 
stiff matter with wq > 1, the second one may contain 
phantom matter with wq < —1, e.g., when G grows 
with time. 

Similar exact solutions, but nonsingular ones and 
with an exponential behaviour of the scale factors, were 
considered in [14] for the same multidimensional cosmo- 
logical model describing the dynamics of n -1-1 Ricci-fiat 
factor spaces M^ in the presence of a one-component 
perfect fiuid. Solutions with accelerated exponential ex- 
pansion of our 3-space Mq and small variation of G 
were also found. 

Here we continue our investigations of G in multi- 
dimensional cosmological models. The main problem 
is to find an interval of the synchronous time r where 
the scale factor of our 3D space exhibits an accelerated 
expansion according to the observational data p!^[TO] 
while the relative variation of the effective 4-dimensional 
gravitational constant is small enough as compared with 
the Hubble parameter, see [17l[18l|T2l|T9l|20] and refer- 
ences therein. 

As we have already mentioned, in the model with 
two non-zero curvatures if 2] there exists an interval of 
r where accelerated expansion of "our" 3-dimensional 
space co-exists with a small enough value of G . In this 
paper we suggest an analogous mechanism for a model 



with two form fields and several scalar fields (e.g., phan- 
tom ones). 

2. The model 

We here deal with S'-brane solutions describing two elec- 
tric branes and a set of I scalar fields. 
The model is governed by the action 



S ■ 



MN ' 



d'^x^lgU R[g] - h^0g'''''dMip"dNip' 



^ J_exp[2A,(^)](i^'^)2 

a=1.2 "■' 



(2.1) 



Here g — gMN{x)dx^^ ®dx^ is the D -dimensional met- 
ric of pseudo-Euclidean signature (—,+,...,-!-), F° — 
dA°' is a form of rank iVj, , {h^fi) is a non-degenerate 
symmetric matrix, if = ((/s") g R' is a vector of / scalar 
fields, A(j(<p) = \aaV°' is a linear function, with a = 1, 2 
and a,l3 = 1, . . . ,1, and \g\ = \ det{gMN)\ ■ 
We consider the manifold 

M = (0, +oo) X Ml X M2 X Afa x M^ x M5. (2.2) 

where Mi are oriented Riemannian Ricci-flat spaces of 
dimensions di, i = 1, . . . , 5 , and di = 1. 

Let two electric branes be defined by the sets /i = 
{1, 2, 3} and h = {1, 2, 4} . They intersect on Mi x A/2 • 
The first brane also covers M-^ while the second one 
covers M/^ . The first brane corresponds to the form F^ 
and the second one to the form F^ . 

For the world- volume dimensions of branes we get 



d{Is) = N, 
s = 1,2, and 
d{hrM2) = 



1 = 1 



-'2-hs: 



1 



(2.3) 



(2.4) 



is the brane intersection dimension. 

We consider an S'-brane solution governed by the 
function 



H ^ 1 



Pp\ 



where p is a time variable. 



and 

K 



K, 



d{Is){l + §^)+\sc.\sph^^ 



(2.5) 



(2.6) 



(2.7) 



s — 1,2, is supposed to be non zero. Here {h""^) = 
{hapy^ . Thus Ki^K2^ K. 

The intersection rule is as follows: 



dih n I2 



d{h)d{l2 
D-2 



^ia^2ah°' 



1 



-K. 



(2. 



This relation corresponds to the Lie algebra A2 [HI 
[22]. Recall that K^ = (f/",C/'), s = 1,2, where the 



"electric" U^ vectors and the scalar products were de- 
fined in [131[11] (see also [in[[ll]). The relations Ki = 
K2 and (|2.8p follow just from the formula {Ass') — 
{2[U^,U'')/{U''\U''), where {Ass-) is the Cartan ma- 
trix for A2 (with A12 = A21 = — 1). 

We consider the following exact solution: 



5 = ff^-^l -dp dp + iJ-^«(pV + .9') 

+ ff-2V + ^-'V+3''}, (2.9) 

exp(^") = iJ^^?+-^-^^ (2.10) 

F^^-QH-^pdpATiAT2AT3, (2.11) 

F^ = -QH-^pdpATiAT2AT4, (2.12) 

where 

A = 2K~^ Y: §^^ (2-13) 

s=l,2 

B = 2K-^, (2.14) 



s = 1,2. Here Ti denotes a volume form on Mi [gi — 
dxiS)dx, Ti — dx). We remind the reader that all Ricci- 
flat metrics g^ , . . . ,g^ have Euclidean signatures. 

This solution is a special case of a more general so- 
lution from [5S| corresponding to the Lie algebra A2 ■ 
It may also be obtained as a special 1-block case of S'- 
brane solutions from [55]. 

3. Solutions with acceleration 

Let us introduce the synchronous time variable t = t{p) 
by the following relation: 

r= rdp[Hip)f (3.1) 



We put P < 0, and hence due to (|2^ K < which 
implies A < Q. Let us consider two intervals of the 
parameter A: 



(i) A<-1, 

(ii) -1< A<0. 



(3.2) 
(3.3) 



In case (i), the function r = t(p) is monotonically 
increasing from to +cx), for p G (0,pi), where pi — 
\P\~^''^ , while in case (ii) it is monotonically increasing 
from to a finite value ti = r(pi) . 

Let the space M5 be "our" 3-dimensional space with 
the scale factor 

as = H^- (3.4) 

For the first branch (i), we get the asymptotic relation 

a5 ^ const t'^ , (3.5) 

for r ^ -l-cxD , where 

iy = A/{A + l) (3.6) 



and, due to 
obtain 



, 1/ > 1. For the second branch (ii) we 



(3.7) 



05 '^ const (ti — tY , 

for T — > Ti — , where j^ < due to (|3.3p , see 

Thus we get an asymptotic accelerated expansion of 
the 3D factor space M^ in both cases (i) and (ii), and 
05 -^ +00. 

Moreover, it may be readily verified that the accel- 
erated expansion takes place for all r > 0, i.e.. 



as > 0, 



as > 0. 



(3.8) 



Here and in what follows we denote / = df/dr . 

Indeed, using the relation dr/dp — H^ (see p.l 
we get 



. _ dpda^ _ 2\A\\P\p 
dr dp H 



and 



dp d da, _ 2\A\\P , 



(3.9) 



(3.10) 



that certainly implies the inequalities in 

Now we consider the variation of the effective G . For 
our model, the 4-dimensional gravitational "constant" 
(in Jordan's frame) is 



G = const • Yl (a^*) = H'^'^P~\ 
where 



ai = H p, 



a2 = H 



A-2B 



03 = 04 = i/ 



A-B 



(3.11) 



(3.12) 

.,M4, 



are the scale factors of the "internal" spaces Af 1 , 
respectively. 

The function G{t) has a minimum at the point tq 
corresponding to 



IPI 



Po 



l + 4|yl| 



(3.13) 



At this point, G is zero. This follows from an explicit 
relation for the dimensionless variation of G , 



6 = G/{GH) 



1 - \P\P^ 
2A\P\p^ 



where 
H ^ 



05 

05 



(3.14) 



(3.15) 



is the Hubble parameter of our space. 

The function G{t) monotonically decreases from 
+00 to Go = G(to) for r € (0,to) and monotoni- 
cally increases from Gq to +00 for r e (ro,fi). Here 
fi = -|-c» for the case (i) and fi = Ti for the case (ii). 

The scale factors a2{T) , a^lr) , a4{T) monotonically 
decrease from 1 to for r G (0, fi) since the powers 



A — B and A — 2B are positive and P < . The scale 
factor ai(r) monotonically increases from zero to ai(T2) 
for r e (0,T2) and monotonically decreases from ai(T2) 
to zero for t G (r2, fi) , where T2 is a point of maximum. 
We should consider only solutions with accelerated 
expansion of our space and small enough variations of 
the gravitational constant obeying the present experi- 
mental constraint 



1^1 <0.1. 



(3.16) 



Here, as in the model with two curvatures |12| . r is re- 
stricted to a certain range containing tq . It follows from 
(|3.14p that in the asymptotical regions p.Sp and ()3.7p 
(5 — > 2 , which is unacceptable due to the experimental 
bounds (|3.16p . This restriction is satisfied for a range 
containing the point tq where S — 0. 

A calculation of G in the linear approximation near 
Tq gives the following approximate relation for the di- 
mensionless parameter of relative variation of G : 



{8 + 2\A\-^)Hoir-To) 



(3.17) 



where Hq = H{tq) (compare with an analogous relation 
in [12 ). This relation gives approximate bounds for val- 
ues of the time variable r allowed by the restriction on 
G. (For another mechanism of obtaining an accelera- 
tion in a multidimensional model with a "perfect fluid" 
see [laiTl]). 

It should be stressed that the solution under consid- 
eration with P < 0, di = I and ^5 = 3 takes place 
when the configuration of branes, the matrix (hap) and 
the dilatonic coupling vectors Xa , obey the relations 
(P?7)l and ([^ with K < 0. This is not possible when 
(hafs) is positive-definite, since in this case K > 0. In 
the next section we will give an example of a setup obey- 
ing (j2.7|) and (j2.8|) by introducing "phantom" fields. 

4. Example 

Let us consider the following example: Ni — N2 — N , 
i.e. the ranks of forms are equal, and 1 — 2, {hap) = 
— {5ap): i.e. there are two "phantom" scalar fields. We 
also put dj, = di. Due to (USD, d{Ii) = dih) ^ N-1 ^ 
l + d2+d3. 

Then the relations (l2Jll and (l2?8l) read 



(4.1) 



Xl = Xl = iN-l){l + ^)-K, 



and 



(N-lf 1 

A1A2 = l + d2- + -K, 

D -2 2 ' 



(4.2) 



where K <Q. Here we have used that d{Ii) = d{l2) = 
N -I and fi(/in/2) = 1 + ^2- 

The relations (|4.ip and (14. 2p are compatible since it 
may be verified that they imply 



AiA 



1A2 



IA1IIA2 



e(-i,+l) 



(4.3) 



i.e., the vectors Ai and A2 , belonging to the Euclidean 
space M^ , and obeying the relations (|4.ip and (|4.2p , do 
exist. The left-hand side of Eq. (|4.3p gives cos9 , where 
6 is the angle between these two vectors. 

The solution from Sec. 2 for the metric and two phan- 
tom fields in this special case reads 



9 



H 



2A 



—dp ® dp 



H-"^{p'9' 



9') 



exp((^") = iJ-2(Ai„+A.„)/if ^ 



where 



A 



4(7V-1) 
K{D -2)' 



(4.4) 
(4.5) 

(4.6) 



The relations for the form fields (PUJ) and ([^1^ 
remain the same. Recall that H = 1 + ^KQ^p^ ^ K <Q. 
The relations (|4.1[) and (|4.2p for the scalar products of 
dilatonic coupling vectors arc assumed. Recall that all 
factor spaces (Mi,g*) are Ricci-flat and di — dim Mi 
with di = 1 and ^5 = 3. Hence the spaces (Mi,(7^) 
and {M^,g^) are flat. 

Here, as in the previous section, the metric ()4.4p de- 
scribes an accelerated expansion of the fifth factor space 
(M5,g^) for A ^ -1. The 4D effective gravitational 
"constant" G{t) , as a function of the synchronous time 
variable, monotonically decreases from -l-oo to its min- 
imum value Go = G{tq) for t G {0,tq) and monotoni- 
cally increases from Go to +00 for t E (To,fi). Recall 
that fi is finite for — 1 < ^ < and fi = -f-cx) for 
A< —1. There exists a time interval {t-,t^) contain- 
ing To where the variation of G{t) obeys the experi- 
mental bound (I3.16P . 

5. Conclusions 

We have considered an S'-brane solution with two non- 
composite electric branes and a set of I scalar fields. 
The solution contains five factor spaces, and the fifth 
one, M5 , is interpreted as "our" 3D space. 

As in the of the model with two non-zero curva- 
tures [12] , we have found that there exists a time inter- 
val where accelerated expansion of "our" 3-dimensional 
space co-exists with a small enough value of G/G obey- 
ing the experimental bounds. 

Other results on G, G-dot and G{r) may be found 

in [lilSDlinilSllMllMl. 
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